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18.1 Stretching, Compressing,
and Reflecting Sine and
Cosine Graphs

Essential Question: What are the key features of the graphs of the sine and cosine functions?
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Graphing the Basic Sine and Cosine Functions

Recall that the points around the unit circle have coordinates (cos @, sin ) as shown.
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@ Identify the following points on the graph of the sine function on the interval [0, 27].
A. the three points where x-intercepts occur
B. the point of maximum value

C. the point of minimum value

Complete the table of values. Plot the points from the
table, and draw a smooth curve through them.
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© Identify the following points on the graph of the cosine function on the interval [0, 2x].
A. the two points where x-intercepts occur
B. the two points of maximum value

C. the point of minimum value

1 fé)
® Complete the table of values. Plot the points from the 05 2m im 3m fiw
table, and draw a smooth curve through them. o 3 6 2/ 6 @8
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f(6) = coso || o - o) \

1. Give a decimal approximation of sin 5. Check to see whether the curve that you drew passes through the

point | 5, sin 5. What other points can you check based on the labeling of the §-axis?

2.  Onthe interval 0 < 8 < 2, where does the sine function have positive values? Where does it have
negative values? Answer the same questions for cosine.

What are the minimum and maximum values of f(8) = sin @ and f(8) = cos 8 on the
interval 0 < @ < 27?7 Where do the extreme values occur in relation to the f-intercepts?

Describe a rotation that will map the graph nff(ﬂ} = sin # onto itself on the interval 0 < 8 < 2.
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5. Recall that coterminal angles differ by 1
a multiple of 27r and have the same 05 file)=sin@
sine value and the same cosine value.

This means that the graphs of sineand —2w
cosine on the interval 0 € 8 < 2

represent one cycle of the complete

graphs and that the cycles repeat every =
27 radians. Use this fact to extend the

graphs of f(#) = sin @ and () =

cos @ to the left and right by 1 cycle.
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Graphing the Reciprocals of the Basic Sine and

Cosine Functions

The cosecant and secant functions are the reciprocals of the sine and cosine functions, respectively.

sec=_—L

1
csc = —_—
sin @ cos 6

@ Complete the table of values. Note that whenever sin # = 0, csc 8 is undefined.
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Complete each of the following statements.
A AsO@ — 0%, sin@ — and csc  —

B. As8—0",sinf — and csc @ —

What does this behavior tell you about the graph of the cosecant function?

@ Sketch the graph of f(68) = csc 8 over the interval [0, 27]. Then, extend the graph to the
left and right until the entire coordinate plane is filled. Note that the sine function has been

plotted for ease of graphing.
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5. Recall that coterminal angles differ by 1
a multiple of 27 and have the same 05 fi#) =sin 8 o
sine value and the same cosine value.
This means that the graphs of sine and —2m ‘ - ’{"50 ‘ Wﬂ- ‘ 3w ‘ 4w
cosine on the interval 0 < 8 < 2w -1
represent one cycle of the complete
3w ™ m 3w 5w 7
graphs and that the cycles repeat every -5 -3 3 5 5 5
27 radians. Use this fact to extend the
graphs of f(8) = sin @ and f(8) = \ I 1 \ \ I \
cos @ to the left and right by 1 cycle. 05 \ / I’}
—2m - _0_50 \:r/ 2m 3w 4w
-1 fll)=cos @

Graphing the Reciprocals of the Basic Sine and
Cosine Functions

The cosecant and secant functions are the reciprocals of the sine and cosine functions, respectively.

1 1
cscll =—— sec = ——
‘ sin @ cos B

® Complete the table of values. Note that whenever sin 8 = 0, csc 8 is undefined.

w™ | m | 5% Iz | 3w 1=
6 0 526 i 6 | 2 6 m
HOENY) 0 05| 1 |05 0 —05 | -1 | —05 0

£(6) = csco

Complete each of the following statements.
A As@ — 0%, sin 8@ — and csc 8 —

B. As@ —07,sinf8 — and csc @ —

What does this behavior tell you about the graph of the cosecant function?

7. Describe the vertical asymptotes of the cosecant and secant functions over the interval [0, 2.
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Vent ek

. N o
Graphing f(x) = a sin bbe

In Explore 1, you graphed the sine and cosine functions on the interval 0 < # < 2, which represents all of the angles
of rotation within the first counterclockwise revolution that starts at 0. Your drawings are not the complete graphs,
however. They are simply one cycle of the graphs.

The graphs of sine and cosine consist of repeated cycles that form a wave-like shape. When a function repeats its
values over regular intervals on the horizontal axis g ¢ and cosine functions do, the function is called periodic,
and the length of the interval is called the fu.nc Explore 1, you saw that the basic sine and cosine
functions each have a period of 2. A

The wave-like shape of the sine and cosine functions has a “crest” (where the function’s maximum value occurs)

and a “trough” (where the function’s minimum value occurs). Halfway between the “crest” and the “trough” is the
graph’s midline. The distancg thakthe “crest” rises above the midline or the distance that the “trough” falls below the
midline is called the gran Explore 1, you saw that the basic sine and cosine functions each have an
amplitude of 1.

Note that for trigonometric functions, the angle 8 is the independent variable, and the output f(8) is the
dependent variable. You can graph these functions on the familiar xy-coordinate plane by letting x represent the
angle and y represent the value of the function.

Example 1 For each trigonometric function, identify the vertical stretch or
compression and the horizontal stretch or compression. Then, graph the
function and identify its period.

The equation has the general form y = a sin% x. The value of a is 3. Since % = 2, the value
of bis % So, the graph of the parent sine function must be vertically stretched by a factor of

3 and horizontally compressed bv?ﬁclor of%.
Homiz St

2 ot

h

Horizontally stretching or compressing the parent function's graph by a factor of |B] changes the period
of the function. Since the parent function has a period of 2, multiply 27 by | b] to obtain the period of
the transformed function.

Period‘-&:ﬂ'-|b|=2n.%:ﬂ
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The equation has the general form y = a cos %x. The value of a is

. Since
= , the value of b is

So, the graph of the parent function must be vertically [stretched/compressed] by a factor of
and horizontally

[compressed/stretched] by a factor of

Graph the function. Note that since a is negative, the graph will be reflected across the [x/y]-axis.

—E;ﬂ' —4m 71' —2m

Find the function’s period.

2r - |b| =27 - =

Reflect

8. Forthe functiony=a sinix ory=a cosix, what is the amplitude, under what circumstances is the

graph of the function reflected about the x-axis, and how is the period determined?
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Your Turn

Identify the vertical stretch or compression and the horizontal stretch or compression.
Then, graph the function and identify its period.
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Writing f(x) = a sin,x or f(x) = a cos

You can write the equation of a trigonometric function if you are given its graph.

Example2 Write an equation for each graph.

® Because the graph’s y-intercept is 0, the graph is a
sine function.

3
24
Since the maximum and minimum values are 2 and 14
—2, respectively, the graph is a vertical stretch of the x
. 0

parent sine function by a factor of 2. So, a = 2. _ _
The period of the function is 2. I

Use the equation 27th = 2 to find a positive value for L

b —34
2mb=2
' 2 1
b=sn=7
1_

An equation for the graph is y = 2 sin x.

May 05, 2016
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Because the graph's y-intercept is negative, the graph is a[sine/cosine]function reflected across the x-axis.

Since the maximum and minimum in the graph are and

, respectively, the graph will be

vertical [stretch/compression] of the graph of the parent cosine function by a factor of

The period of the function is

Use the equation 2mh = to find a positive value for %
2wh =
b=s5— =15
1_ =
An equation for the graph is y = cos x.
Your Turn

Write an equation for the graph.

10.
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Modeling with Sine or Cosine Functions

Sine and cosine functions can be used to model real-world phenomena, such as sound
waves. Different sounds create different waves. One way to distinguish sounds is to measure
frequency. Frequency is the number of cycles in a given unit of time, so it is the reciprocal of
the period of a function.

Hertz (Hz) is the standard measure of frequency and represents one cycle per second. For
example, the sound wave made by a tuning fork for middle A has a frequency of 440 Hz.
This means that the wave repeats 440 times in 1 second.

As a tuning fork vibrates, it creates fluctuations in air pressure. The maximum change in air
pressure, typically measured in pascals, is the sound wave's amplitude.

Example3 Graph each function, and then find its frequency. What do the
frequency, amplitude, and period represent in the context of the problem?

@ Physics Use a sine function to graph a sound wave y
with a period of 0.004 second and an amplitude
of 4 pascals.

Graph the function.

[N]

1 1
period 0000
The frequency represents the number of cycles of the
sound wave every second. The amplitude represents
the maximum change in air pressure. The period
represents the amount of time it takes for the sound -
wave to repeat.

frequency = = 250 Hz

o

0.002 0004 O 0.008

]

Physics Use a cosine function to graph a sound wave
with a period of 0.010 second and an amplitude of
3 pascals. Note that the recording of the sound wave
started when the wave was at its maximum height.

Graph the function.

frequency =

period 0 0.005 0010 0015 0.020

The frequency represents the number cycles of the —2
sound wave every . The amplitude represents _3
the maximum change in . The period
represents the amount of time it takes for the sound
wave to [end/repeat]. -5
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Your Turn

Graph the function, and then find its frequency. What do the frequency, amplitude,
and period represent in the context of the problem?

11. A pendulum makes one back-and-forth swing every
1.5 seconds. Its horizontal displacement relative to its
position at rest is measured in inches. Starting when the a4+
pendulum is 5 inches (its maximum displacement) to the
right of its position at rest, use a cosine function to graph
the pendulum's horizontal displacement over time. 2+

(0 Elaborate -7

12. The graphs of sine and cosine are periodic functions.
Refer to angles of rotation and the unit circle to explain why this is so.

13

:

Referring to angles of rotation and the unit circle, explain why sin (—=8) = —sin 8, and why
cos (—8) = cos 8. Use the graphs of sin @ and cos 8 for reference.

14. How does the unit circle explain why the 2 in y = sin 2x results in a horizontal compression of the

graph of y = sin x?

15. Essential Question Check-In What is one key difference between the graphs of the sine and cosine
functions?

May 05, 2016
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@ Evaluate: Homework and Practice

= Online Homework

For each trigonometric function, identify the vertical stretch or - Hints and Help
compression and the horizontal stretch or compression. Then, - Extra Practice
graph the function and identify its period. ?5 83‘ l . 4—-
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